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H[h^ghcfZl_fZlbq_kdhcdhgkljmdpbb
fgh]hf_jgh]hdhkfhkZ
J_axf_ MklZgh\e_gh qlh ]_hf_ljby gZ[ex^Z_fh]h _\deb^h\Z ijhkljZgkl\Z
Ze]_[juIZmebb>bjZdZ Z lZd`_ ]jmiiu \gmlj_ggbo kbff_ljbc klZg^Zjlghc
fh^_eb b fh^_eb lZd gZau\Z_fh]h [hevrh]h h[t_^bg_gby dZeb[jh\hqguo
\aZbfh^_ckl\bc eh]bq_kdb ke_^mxl ba ]_hf_ljbq_kdbo ihkljh_gbc f_jgh]h
\ZdmmfZbf_jgh]hdhkfhkZ
Ij_`^_\k_]hihdZ`_fqlhdeZkkbq_kdb_Ze]_[juDebnnhj^Zy\eyxlky
]jmiih\ufbZe]_[jZfbih^]jmiipbdebq_kdboklj_ehqguoih^klZgh\hdImklv
{ }, Q=   lh]^Z bf__f ijhklh_ hljZ`_gb_ Ο  , , L L→ → $
{ } ( ) ( ) ( ){ }    L Q Q L L Q→ $ Imklv lZd`_ a^_kv b \kx^m ^Ze__ { }, P=   ,
{ }- P=   lh]^Z kms_kl\m_l lZdh_ jZa[b_gb_ k_f_ckl\Z I  gZ ih^k_f_ckl\Z
qlh ∀ ∈N -  bf__f { }( ), ,N MN N≡ −   ]^_ ( ), MNN − = ∅ , ( ), ,MNN − = , { }∀ ∈ −M N  
( )( )FDUG , MN P N= − +   b hij_^_e_gZ bg^mdpby lZd qlh dZ`^h_ , MN+  aZihegy_lky
ihke_^h\Zl_evghc\u[hjdhcba I\ke_^aZ , M ijbq_f { }, N P N  = − + <k\hx
hq_j_^v ^ey lZdh]h , N  kms_kl\m_l hlh[jZ`_gb_ N − hljZ`_gby Z bf_ggh
( ){ } ( )N , , MN N$ → −Ο   .
>Ze__imklv\kydZyih^klZgh\dZ j ba]jmiiuih^klZgh\hd J aZ^Z_lky
fgh`_kl\hf [b_dlb\guo i_j_oh^guo iZj ( ) jiji →:,  l_
( ) ( ) ( ){ }S L M L L M M M M L L L M ,= ∀ ≠ ′ ≠ ′ ∀ ≠ ′ ≠ ′ ∈   <u^_ebfba wlhc ]jmiiufgh`_kl\h
pbdebq_kdboih^klZgh\hd ( )( ){E L M M L=    ( )}∀ ≠ ′ ≠ ′L L M M , l_fkZfufE H = ]^_
_ lh`^_kl\_ggZyih^klZgh\dZ Z { }E fgh`_kl\hpbdebq_kdboih^klZgh\hdb
lhevdh ?keb `_ ( ) ( ){ES L M M L≡      ( ) ( ) ( )}L M M L L M L L M M ,$ $ $ $   ≠ ∀ ≠ ′ ≠ ′  lh
{ }E3 ES=  ]jmiiZ pbdebq_kdbo ih^klZgh\hd <f_kl_ k l_f _keb
( ) ( )( ){ }ES N L M L M ES M L N ,≡ ∈ =   $  lh ( ){ }ES N -  ]_g_jZlhju ]jmiiu pbdebq_kdbo
ih^klZgh\hd l_ ( ){ }JkbpbP =  ijbq_f 21 kk ≠∀  ( ) ( ) ( ) ( )( )1221 kbpkbpkbpkbp = ,
lZdqlh 21 bpbp ≠∀  )( 1221 bpbpbpbp = .
>Ze__ imklv \kydZy ih^klZgh\dZ S  ba ]jmiiu klj_ehqguo ih^klZgh\hd
3  ]^_ 3 3<  aZ^Z_lky fgh`_kl\hf agZdhi_j_oh^guo iZj l_ ( ){S L M= ±
( ) ( )}∀ ≠ ′ ≠ ′ ∀ ≠ ′ ≠ ′
∈
L L M M M M L L L M ,   Lh]^Z _keb ( ) ( ) ( ) ( ){ES L M M L L M M L≡ − −      $ $ $ $
( )}L M L L M M ,≠ ∀ ≠ ′ ≠ ′  lh bf__f { }E3 ES=  ]jmiim pbdebq_kdbo klj_ehqguo
ih^klZgh\hd ]^_ ES H = −  < k\hx hq_j_^v _keb ( ) ( ){ES N L M≡ ±
2( ) }L M ES M L N , ± ∈ = $  lh ( ){ }ES N -  ]_g_jZlhju ]jmiiupbdebq_kdbo klj_ehqguo
ih^klZgh\hd l_ ( ){ }JkpbPb =  ijbq_f ∀ ≠N N   ( ) ( )(ES N ES N  =
( ) ( ))− ES N ES N  lZdqlh 21 pbpb ≠∀  )( 1221 pbpbpbpb −= .
LZdbf h[jZahf ihkdhevdm k\hckl\Z ]_g_jZlhjh\ ]jmiiu pbdebq_kdbo
klj_ehqguo ih^klZgh\hd khhl\_lkl\mxl lj_[h\Zgbyf ij_^ty\ey_fuf d
]_g_jZlhjZf deZkkbq_kdhc Ze]_[ju Debnnhj^Z Z bf_ggh H H H HL M M L LM+ = − ⋅ δ ,
]^_ L M - ∈ lh]jmiih\ZyZe]_[jZgZ^ R k[Zabkhf E3 bahfhjngZbf_gh\Zgghc
Ze]_[j_ l_ ( )mClPRb 2≈  <f_kl_ k l_f _keb ^ey kljmdlmjguo hlghr_gbc
]_g_jZlhjh\ Ze]_[ju Debnnhj^Z ihlj_[h\Zlv \uiheg_gby mkeh\by 121 =e  lh
gZjy^m k deZkkbq_kdhc Ze]_[jhc ke_^m_l jZkkfZljb\Zlv b Ze]_[jm
( )11 2,2ˆ −−≈ mmClPRb ]^_ { } ( ) ( ){ } 1\,1ˆˆ JkpbbppbPb == .
>Ze__ aZf_lbf qlh ( ) ( )2+≈ Pkpb  l_ pbdebq_kdZy ]jmiiZ
ihjh`^_ggZy ijhba\hevguf ]_g_jZlhjhf pbdebq_kdbo klj_ehqguo
ih^klZgh\hd bahfhjngZ ih^]jmii_ q_lguo klj_ehqguo ih^klZgh\hd ]h
ihjy^dZ<k\hxhq_j_^v^eypbdebq_kdhc ]jmiiuihjh`^_gghc ]_g_jZlhjhf
( )1bp  bf__f bahfhjnbaf ( ) ( )1,11 ±≈ Pbp  ]^_ ( )1,1±P   ih^]jmiiZ q_lgh
khklZ\guoklj_ehqguoih^klZgh\hd]hihjy^dZHlkx^Zg_f_^e_gghke_^m_l
qlh ( )mPPb 2+< Z ( )11 2,2ˆ −−±< mmPPb bihwlhfm ( ) ( ) ( )mmm EEndRPCl 2 22 ≈⊂ + Z
( ) ( ) ( )111111 2,2 2,22,2 −−−−±−− ≈⊂ mmmmmm EEndRPCl  ]^_ ( )mE 2 , ( )11 2,2 −− mmE  -
khhl\_lkl\mxsb__\deb^h\uijhkljZgkl\Z
H[jZlbfky l_i_jv d Ze]_[jZfnbabq_kdh]hfbjZ Z bf_ggh d Ze]_[jZf
IZmebb>bjZdZdhlhju_bahfhjnguZe]_[jZf ( )4Cl b ( )4,4Cl khhl\_lkl\_ggh
ijbq_f i_j\Zy Ze]_[jZ Debnnhj^Z ^_ckl\m_l \ f_jghf _\deb^h\hf
ijhkljZgkl\_ Z \lhjZy ± \ f_jghf ik_\^h_\deb^h\hf ijhkljZgkl\_ ?keb
^Zgghfm bahfhjnbafm ijb^Zlv hij_^_e_gguc nbabq_kdbc kfuke lh]^Z
g_h[oh^bfh [m^_l dhj_gguf h[jZahf ihf_gylv ij_^klZ\e_gb_ h ]_hf_ljbb
nbabq_kdh]h\ZdmmfZ>_ckl\bl_evghh[uqgh]_hf_ljbximklh]hijhkljZgkl\Z
khihklZ\eyxl k ]_hf_ljb_c gZ[ex^Z_fh]h f_jgh]h _\deb^h\Z ijhkljZgkl\Z
gh_kebjZkijhkljZgblvfbdjhkljmdlmjm<k_e_gghcgZ__fZdjhkljmdlmjmlh]^Z
g_h[oh^bfh ^hihegbl_evgh d wlhc h[uqghc ZkkhpbZpbb ijbf_gblv \ i_j\hf
ijb[eb`_gbb]_hf_ljbx ( )4E Z\h\lhjhfijb[eb`_gbb±]_hf_ljbx ( )4,4E <
k\hxhq_j_^v]_hf_ljby ( )4E h[mkeh\e_gZnZdlhjbaZpb_c 4R \ 4S Z]_hf_ljby
( )4,4E   nZdlhjbaZpb_c 8R  \ 44 SS ×  b ihwlhfm ihklmebjm_f _s_ h^gm
dhgkljmdpbx\ZdmmfZZbf_gghjZkkeh_gb_k[Zahc ( )3E blbibqgufkeh_f 4S
beb
44 SS × .
Ijh^he`Zy ZgZeba ]eh[Zevguo nbabq_kdbo kbff_ljbc h[jZlbfky d
]jmiiZf ( ) ( ) ( )123 USUSU ×× , ( )5SU dhlhju_hibku\Zxlb^_Zevgu_kbff_ljbb
khhl\_lkl\_ggh klZg^Zjlghc fh^_eb b fh^_eb lZd gZau\Z_fh]h [hevrh]h
h[t_^bg_gby dZeb[jh\hqguo \aZbfh^_ckl\bc Ijb wlhf \ ^_ckl\bl_evghklb
bf__l f_klh gZjmr_gb_ b^_Zevguo kbff_ljbc ^h ]jmiiu ( ) ( )13 USU × .
Ij_^iheh`bf lZd`_ qlh gZ kZfhf ^_e_ \kydZynbabq_kdZy mgblZjgZy ]jmiiZ
( )nSU  ^he`gZ [ulv jZkrbj_gZ ^h ]jmiiu ( )nSO 2  lZd qlh ]_hf_ljbq_kdbf
3bklhqgbdhfnbabq_kdbokbff_ljbckem`blhj[blZ^_ckl\by ( )nSO 2 \ nR2 l_
kn_jZ
12 −nS  < k\yab k wlbf g_ebrg_ [m^_l gZihfgblv qlh h\_s_kl\e_gb_
]jmiiu ( )nSU  y\ey_lky ih^]jmiihc ( )nSO 2  b qlh +≈ nnn ZHRS /  ijbq_f
( ) +=≈ nn RPnEEndSEnd    b ( ) ( )nSOnEAutSAut n =≈    ]^_ nn ZZH <+  Z +nRP  -
]jmiih\Zy Ze]_[jZ gZ^ R  k [Zabkhf +nP   ih^]jmiihc q_lguo klj_ehqguo
ih^klZgh\hd n ]h ihjy^dZ <ha\jZsZykv d ]_hf_ljbq_kdbf bklhqgbdZf
b^_Zevguo nbabq_kdbo kbff_ljbc aZf_lbf qlh
9135 SSSS <⊕⊕  ld
9135 RRRR =⊕⊕  gh +++ <⊕⊕ 935 2 ZHZZHZH  b ihwlhfm ij_^f_lhf gZr_]h
ihbkdZ^he`gh[ulvlZdh_ebg_cgh_ij_h[jZah\Zgb_nZdlhjijhkljZgkl\Z 9S \
j_amevlZl_dhlhjh]hkhojZgy_lkykbff_ljby 15 , SS bgZjmrZ_lkykbff_ljby 3S .
H^gZdh ihkdhevdm wg^hfhjnbafu _\deb^h\uo ijhkljZgkl\ kh\iZ^Zxl k
wg^hfhjnbafZfb kn_j ij_^klZ\e_gguo nZdlhjijhkljZgkl\Zfb b ( )=9E
( ) ( ) ( )135 EEE ⊕⊕  lh lj_[m_lky gZclb lZdhc wg^hfhjnbaf ( )9E  dhlhjuc
khojZgbl Z\lhfhjnbafu ih^ijhkljZgkl\ ( ) ( )1,5 EE  b gZjmrbl ]jmiim
Z\lhfhjnbafh\ih^ijhkljZgkl\Z ( )3E LZdgZijbf_jwg^hfhjnbafih^h[byk
dhwnnbpb_glZfb βα ,  b  aZ^Zgguc fZljbp_c [ ]1,,,,,,,, βββαααααdiag ,
hklZ\ey_lbg\ZjbZglgufbb ( )5E b ( )3E b ( )1E ?keb`_\dZq_kl\_ebg_cgh]h
ij_h[jZah\Zgby f ijhkljZgkl\Z ( )9E ijbgylvhlh[jZ`_gb_aZ^Zggh_fZljbp_c
F ,
) ≡
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     
,
lh]^Z ( )(   kh^_j`bl bg\ZjbZglgu_ hlghkbl_evgh f  ih^ijhkljZgkl\Z
( ) ( )( (   k h]jZgbq_gb_f ( )( ) ( )( )I ( I (   y\eyxsbfky wg^hfhjnbafhf
ih^h[by k dhwnnbpb_glhf  b α  khhl\_lkl\_ggh Z lZd`_ ihl_gpbZevgh
bg\ZjbZglgh_ ijb mkeh\bb χ =   ih^ijhkljZgkl\h ( )(   k h]jZgbq_gb_f
( )( )I (   y\eyxsbfky wg^hfhjnbafhf ih^h[by k dhwnnbpb_glhf β  L_f
kZfuf gZklhysbc \u[hj F  ]ZjZglbjm_l k\yav klZg^Zjlghc fh^_eb
l_hj_lbq_kdhc nbabdb k _\deb^h\hc ]_hf_ljb_c ijhba\h^ghc hl mgblZjguo
kbff_ljbc
LZdbf h[jZahf fZl_fZlbq_kdh_ khhl\_lkl\b_ f_`^m ]_hf_ljbq_kdbfb
bklhqgbdZfb kbff_ljbc b mgblZjgufb ]jmiiZfb dhj_gguf h[jZahf f_gy_l
ij_^klZ\e_gb_ h ]_hf_ljbb nbabq_kdh]h dhkfhkZ >_ckl\bl_evgh h[uqgh
mgblZjgu_ kbff_ljbb k\yau\Zxl kfbdjhdhkfhkhfh^gZdh _kebbo hlg_klb d
dhkfhkm \ p_ehf lh \hagbdZ_l g_h[oh^bfhklv jZkkfhlj_lv dhgkljmdpbx
4dhkfhkZ hkgh\Zggmx gZ ]_hf_ljbb f_jghc kn_ju Z bf_ggh jZkkeh_gb_ k
[Zahc ( )3E blbibqgufkeh_f 9S .
< aZdexq_gb_ aZf_lbf qlh gZ[ex^Z_fh_ f_jgh_ _\deb^h\h
ijhkljZgkl\hdhlhjh_y\ey_lky[Zahcb\Zdmmfgh]hbdhkfbq_kdh]hjZkkeh_gbc
nhjfZevghfh`_l[ulvnZdlhjbah\Zgh \ kn_jmb \eh`_gh \ lbibqguc kehc
wlbo jZkkeh_gbc < k\hx hq_j_^v \Zdmmfgh_ jZkkeh_gb_ \deZ^u\Z_lky \
dhkfbq_kdh_ ijbq_f
44 SS ×  ]eh[Zevgh fbgbfZevgh \ 9S  b ihwlhfm fh`gh
ij_^iheh`blv qlh hgh w\hexpbhgbjm_l d Z[khexlgh fbgbfZevghfm \
9S
ih^ijhkljZgkl\m
8S <p_ehffh`ghlZd`_iheZ]Zlvqlh\Zdmmfgh_jZkkeh_gb_
 wlh \k_]h ebrv Z[kljZdlgZy nhjfZebaZpby f_jgh]h keh_gby k lbibqguf
keh_f h[_jlu\Zxsbf
44 SS ×  aZ^Zggh]h \ f_jghc kn_j_ ih^\_j]gmlhc
\ur_mdZaZgghfm wg^hfhjnbafm :gZeh]bqgh fh`gh iheZ]Zlv qlh
gZ[ex^Z_fh_ _\deb^h\h ijhkljZgkl\h ± wlh Z[kljZdlgZy nhjfZebaZpby 
f_jgh]hkeh_gby\eh`_ggh]h\\Zdmmfgh_keh_gb_bh[_jlu\Zxs_]hkn_jm\
dZ`^hfk\h_fkeh_
